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Abstract.
A type of finite element-hill functions-is applied to solve circular plate problems in conjunction with the method of Lagrange multipliers which is used to treat various constraint conditions. Results obtained compare very nicely wTith the exact solutions.
Introduction.
Finite-element methods have been widely applied to obtain numerical solutions in both engineering [1, 2] and applied mathematics [3, 4, 5] , The popularity of the methods may be partially due to their ability to deal with more complex problems and to provide accurate numerical results. However, it should be noted that there are different kinds of finite-element methods and the use of hill functions as finite elements which are developed in applied mathematics [3, 4, 5, 6 ] is one of them.
In [6] , hill functions are utilized to solve one-dimensional string-beam problems in which the so-called "method of artificial parameters" is used for handling various boundary conditions. In the present paper, these same functions are employed to solve axisymmetric (polar coordinate) circular plate problems; the Lagrange multiplier method is used here for the treatment of constraint situations. The striking difference between these two types of applications is in the evaluation of matrix elements of the system equations; for string-beam problems, all the terms in these elements turn out to be simply multiples of hill function coefficients [6] , but for circular plate problems, they are not so straight-forward and require, for evaluation, methods of numerical integration.
Rayleigh Ritz method. 
n->00
where d is the lower bound of the functional F(y)-. The Rayleigh-Ritz method is a recipe for the construction of such a sequence by choosing an arbitrary system of coordinate functions, «i , u2 , ■ ■ ■ , with the property that any linear combination
is admissible in the variational problem, and that the solution function y and its relevant 
Problem formulation and system equations. For simplicity, the axisymmetric case of circular plate problems will be considered herein (Fig. 1) , in which the load is axisymmetrically distributed but allowed to vary along the radial direction r. The governing differential equation is given [7] 
in which E is Young's modulus, t is the thickness of the plate and v is Poisson's ratio. (4), and {q} = column matrix related to applied loading. Before the Rayleigh-Ritz method can be applied to this functional, account must be taken of constraint conditions, Eqs. (6), which may be written in matrix notation as
where L$J = , $2 , $3_|. Substitution of Eq. (2) into Eq. (9) yields
In the Rayleigh-Ritz method, Eqs. (3) (which have n equations) are not all independent since they are related to each other by the constraint equations (6) . Consequently, Eqs. (6) can be viewed as three extra conditions on this problem. The procedure employed here to eliminate these extra conditions is the classical method of Lagrange multipliers [8, 9] , We should here define a multiplier X, for each of constraint equations. The product of the vector of Lagrange multipliers, [_XJ = (_Xx , X2 , X3J, and constraint equations (10) is added to the original functional (Eq. (8) Eq. (12a) is a symmetric matrix and can be solved for {cj and {X} provided that coordinate functions in Eq. (2) have been properly selected. In this paper, a special type of coordinate functions-hill functions-is used for all computations, a brief description of which will be given in the next section.
A 
1
To obtain a solution to Eqs. (12b) by using hill functions as coordinate functions, advantage can be taken of the properties of symmetric, banded-width matrix so that less computing time than for solving Eqs. (12a) can generally be expected.
Coordinate functions-hill functions.
Some finite element models called "hill functions" have recently been developed [3, 4, 5, 6] , These models, which can hardly satisfy given boundary conditions without special considerations but are quite economic when used in numerical computation, are utilized as coordinate functions in this paper. The construction of hill functions has been described in fair detail in [3, 6] ; here an outline only of the equations is given:
where "4>(x) denotes the hill function of order ?t; x and £ represent the global and local coordinate systems, respectively. The graphical representation of Eqs. (13) are sketched for n = 4, 5 in Fig. 2 . From this figure we note that the entire domain of "<5>{s), -n/2 < x < n/2, is divided into n even intervals, and in each interval a local coordinate system (-1/2 < £ < 1/2) is set up having the origin at the interval center. Thus, n<t>(x) can be taken as a sum of n portions, Eq. (13a), and each portion of this function is represented in the local coordinate system by a Fourier series expansion in terms of Legendre polynomials P,(£) (with Pi(£) = 1), Eq. (13b) in this equation are coefficient constants). Derivative expressions of hill functions may also be given as follows:
VHft) = --Vi"""©,
x -global coordinate f-local coordinate 
in which the superscript (A:) denotes the order of derivatives. The coefficients "bifja) can be obtained in terms of "~ka,,j through Eq. (14a).
The numerical values of "a, ,-with n ranging from 1 to 4 are given in Table 1 ; the hill functions corresponding to these values are plotted in Fig. 3 . Incidentally, a computer program has been developed which computes "a,,, and "6,,,"' up to any order desired.
Expression of stiffness matrix [X] . A special type of coordinate functions-hill functions, summarized in the previous section-will be utilized herein for all calculations. In order to suit the dimension requirements specified in the hill function description, the following dimensionless quantities are introduced:
where m is the total number of intervals into which the entire domain (0 < r < a) is divided. 
where And these evaluations turn out to be simply some kind of multiplication of coefficients of hill function and their derivative expressions, and "&(./*', a detailed example of which can be found in Ref. [6] , On the other hand, the integrals (18a, d) do not enjoy such simplicity due to existence of additional arguments f and 1 /f respectively, and must be obtained numerically as follows: Eqs. (18a, d) are first taken as a sum of integrals in each interval, and these integrals are obtained by further splitting each interval into a number of subintervals and then employing the usual numerical integration schemes.
Here it is important to note that there is a singularity problem in Eq. (18d) when f = 0. Eq. (18d) comes from the third term of Eq. (7), f0° (y'/r)r dr. A close examination of this term reveals that, due to axisymmetricity, y' = 0 at the plate center, and an application of L'Hospital's rule yields y'/r = y". Therefore, the value of Eq. (18d) should be zero when evaluation of this quantity is performed at the plate center (r = 0).
Numerical results.
Two example problems are solved using Eqs. (12b) as system equations with matrix band-width of 13 as a hill function of order n = 6 is used. In both calculations, 10 mesh spacings (0 ^ r ^ a) are adopted. Results are presented for 
The numerical results are displayed in Table 2 . The computation, including construction of hill functions up to order n = 6 and their corresponding derivatives, took 1.73 seconds of PDP-10 CPU time.
2. Circular plate with a central hole, uniformly loaded along inner edge and simply supported along outer edge. In this case (Fig. 0) , the total loading along the inner circle is P = 2wbQu , where b is the radius of central hole, Qn is the intensity of uniformly TABLE 2 Comparison of the present residts and the exact solutions ([71, shown in parentheses) for a uniformly loaded clamped circular plate ( 
The numerical results are obtained for b/a = 1/10 and presented in Table 3 . The computation for this problem took 1.42 seconds of PDP-10 CPU time.
Concluding remarks.
Hill functions which are constructed on the basis of Legendre polynomials have been utilized to solve axisymmetric circular plate problems. The method of Lagrange multipliers is introduced to deal with constraint conditions.
The complexity in the application of hill functions to polar coordinate problems such as circular plates is due to introducing polar coordinate functions into various integrals such as Eqs. (18a, d) and thus usual numerical integration schemes are required to obtain these quantities.
In regard to system equations, Eq. (12a) has its generality but Eq. (12b) is particularly suitable for one-dimensional problems since matrix operations can take advantage of the band-width property. In the treatment of constraint conditions, the method of artificial parameters employed in [6] requires a series of adjustments on the magnitude TABLE 3 Comparison of the present results and the exact solutions (Ref. [7] , shown in parentheses) for a simply supported circular plate with a central hole (b/a = 1/10), uniformly loaded along inner edge ( 
